Author: Santiago Salazar

Problems I: Mathematical Statements and Proofs

1.

3.

By using truth tables prove that, for all statements P and Q, the statement
'P - Q' and its contrapositive '(not Q) — (not P)’ are equivalent. In example
1.2.3 identify which statement is the contrapositive of statement (i) (f(a) =0 —
a > 0). Find another pair of statements in that list that are the contrapositives of

each other.
Truth table
P Q ~P | ~Q | P->Q | ~Q—> ~P
T T F F T T
T F F T F F
F T T F T T
F F T T T T

Since the last two columns are identical, the statements 'P — Q' and its

contrapositive '~Q — ~P' are logically equivalent.

The contrapositive of statement (i) (f(a) =0 — a > 0) is statement (vii)
(a £0 - f(a) # 0). Similarly, the contrapositive of statement (iii) (f(a) =0 =

a < 0) is statement (vi) (a > 0 = f(a) # 0).

By using truth tables prove that, for all statements P and Q, the three statements

1) 'P - Q', (ii) '(P or Q) « @', and (iii) (P and Q) < P’ are equivalent.

Truth table
P|Q |PorQ|PandQ |P—>Q | (PorQ)eQ | (Pand Q)< P
T | T T T T T T
T | F T F F F F
F | T T F T T T
F | F F F T T T

Since the last three columns are identical, the statements ‘P - Q’, (P or Q) &

Q',and '(P and Q) < P’ are logically equivalent.

Prove that the three basic connectives ‘or’, ‘and’, and ‘not’ can all be written in
terms of the single connective ‘notand’ where 'P notand Q' is interpreted as

'not(P and Q)'.

P | PandP | ~(Pand P) | ~P
T T F F
F F T T

Since the last two columns are identical, the statements ~P and '~ (P and P)' are

logically equivalent. Hence we can write ~P as 'P notand P'.

P and Q

~(Pand Q) | ~[~(Pand Q)]
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Since columns 3 and 5 are identical, the statements 'Pand Q' and
'~[~(P and Q)]' are logically equivalent. But observe that, by definition,
'~(Pand Q)" is written as 'P notand Q'. Thus '~[~(P and Q)]" is logically
equivalent to '~(P notand Q)'. Then, by the first part of the problem,
'~(P notand Q)' can be written as (P notand Q) notand (P notand Q)'. Hence
we can write 'P and Q' as '(P notand Q) notand (P notand Q)'.

P|Q |PorQ|~P|~Q| ~Pand ~Q | ~(~P and ~Q)
T| T T F F F T
T | F T F T F T
F|T T T F F T
F | F F T T T F

Since columns 3 and 7 are identical, the statements 'P or Q" and '~(~P and ~Q)’
are logically equivalent. But observe that, by the first part of the problem,
'~P and ~Q’ is logically equivalent to (P notand P) and (Q notand Q). Now,
by definition, the negation of this last statement, namely '~(~P and ~Q)’, can be
written as ‘(P notand P) notand (Q notand Q). Thus we can write 'P or Q' as
'(P notand P) notand (Q notand Q)'.

Prove the following statements concerning the positive integers a, b, and c.
(i) (a divides b) and (a divides c) — a divides (b + ¢).
(ii) (a divides b) or (a divides c) — a divides bc.

(i) a divides b means b = aq for some integer g, and a divides ¢ means ¢ = ap
for some integer p. Thus b+ c =aq + ap = a(q + p) = ak, where k =q+p is
an integer. Therefore a divides (b + c).

(ii) case 1: a divides b means b = aq for some integer q. Thus bc = (aq)c =
a(qc) = ar, where r = qc is an integer. Therefore a divides bc.

case 2: a divides ¢ means ¢ = ap for some integer p. Thus bc = b(ap) =
a(bp) = as, where s = bp is an integer. Therefore a divides bc.

Hence, in either case, a divides bc.

Which of the following conditions are necessary for the positive integer n to be
divisible by 6 (proofs not necessary)?

(i) 3 divides n.

(ii) 9 divides n.

(iii) 12 divides n.

(iv)yn = 12.

(v) 6 divides n?.

(vi) 2 divides n and 3 divides n.

(vii) 2 divides n or 3 divides n.

Which of these conditions are sufficient?



6 divides n means n = 6q for some integer q. The following conditions are
necessary for the positive integer n to be divisible by 6: (i) 3 divides n, (v) 6
divides n?, (vi) 2 divides n and 3 divides n, and (vii) 2 divides n or 3 divides n.
The following conditions are sufficient for the positive integer n to be divisible
by 6: (iii) 12 divides n, (iv) n = 12, (v) 6 divides n?, and (vi) 2 divides n and 3
divides n.

Use the properties of addition and multiplication of real numbers given in
Properties 2.3.1 to deduce that, for all real numbers a and c,
()ax0=0=0xaq,

(i) (—a)b = —ab = a(—b),

(iii) (—a)(—b) = ab.

(i) Provethata X 0 =0 =0 X a.

0+0=0 Additive identity (iv)
(0xa)+(0xa)=0xa Distributive property (iii)
Oxa=0 Additive inverse (vi)
ax0=0 Commutative property (i)

Thusax0=0=0Xa.

(ii) Prove that (—a)b = —ab = a(—b).
First we show that —a = (—1)a by showing thata + (—1)a = 0.

a+(—Da=1la+ (—1Da Multiplicative Identity (v)
=1+ (—1))a Distributive property (iii)
= 0a Since —1 is the additive inverse of 1
=0 By part (i) of problem
Thusa+ (—1)a=0 - —a = (—1)a. Then
—ab = (—1)ab By the proof above
= ((-Da)b Associative property (ii)
= (—a)b By the proof above
—ab = (—1)ab By the proof above
= ((-Db)a Associative property (ii)
= (=b)a By the proof above
= a(—Db) Commutative property (i)

Thus (—a)b = —ab = a(—b).

(iii) Prove that (—a)(—b) = ab.

a+(—a)=0 = (—a)(—b)
a=—(-a) Additive Identity (iv)
ab = —(—-a)b

= —(—ab) Sincea = —(—a)

= —((-a)b) By part (ii) of problem

= —(b(—a)) By part (ii) of problem

= (=b)(~a) Commutative property (i)



By part (ii) of problem Commutative property (i)
Thus (—a)(—b) = ab.

7. Prove by contradiction the following statement concerning an integer n.
n? is even - n is even.
[You may suppose that an integer n is odd if and only if n = 2q + 1 for some

integer q. This is proved later as Proposition 11.3.4.]

Suppose n is not even. Then n is odd, thatisn = 2q + 1 for some integer q. Thus
n?=2q+1)?=4¢>+4q+1=212q*+29)+1=2p+1 where p=2q%+
2q is an integer. Thus n? is odd contradicting that n? is even. It follows that our
initial assumption, that n is odd, is false. Hence n is even as required. Therefore,
n? is even - n is even.

8. Prove the following statements concerning a real number x.
(Hx?—x-2=0ox=—-1lorx =2,
(iD)x?—x—2>0ox<-lorx>2.

(' > x*—-x—-2=0->(x-2)(x+1)=0

> (x—-2)=0o0or(x+1)=0

>x=2o0rx=-1
Thusx? —x—2=0->x=—1orx = 2.
"« Ifx=2thenx?—x—-2=22-2-2=0.Ifx=—-1,thenx2 —x—-2 =
(=1)%? = (=1) = 2 = 0. So, in either case, x> —x — 2 = 0. Thus (x = —1 or = 2)
»x2—x—-2=0.
Hencex? —x—2=0ox=—1orx = 2.

(i) - x?—x-2>0->(x—-2)(x+1)>0
- (x—2>0andx+1>0)or(x—2<0andx+1<0)
- (x>2andx >—-1)or(x <2andx < —1)
->x>2o0rx<-—1
Thusx? —x—2>0->x<-lorx > 2.
Pt
casel: x >2—2x>4>2 (multiply by 2>0) »>2x>2 and x >2 > x>
2x > 2 (multiply by x > 0) — x? > 2. It follows that x> —x > 2x —x = x > 2
and sox? —x > 2 - x? — x — 2 > 0 as required.
case2: x < -1-0<-1—-x-0<2<1-x (by adding 2) - 0<1—x and
x <—1-—x>1 (multiply by —1 < 0) and x < —1 - x? > —x > 1 (multiply
by x<0) »x?>1-x?—-x>1-x>0->x*—x-2>1—-x-2=-1—
x>0 - x?—x—2>0as required.
Hencex? —x—2>0o x < —lorx > 2.

9. Prove by contradiction that there does not exist a largest integer.



[Hint: Observe that for any integer n there is a greater one, say n + 1. So begin
your proof

Suppose for contradiction that there is a largest integer. Let this larger integer
ben...]

Suppose for contradiction that there is a largest integer n. Observe that
0 <1 - n<n+ 1. Thus nis not the largest integer, since foralln,n + 1 > n.

10. What is wrong with the following proof that 1 is the largest integer?
Let n be the largest integer. Then, since 1 is an integer we must have 1 < n. On
the other hand, since n? is also an integer we must have n? < n from which it
follows that n < 1. Thus, since 1 < n and n < 1 we must have n = 1. Thus 1 is
the largest integer as claimed.
What does this argument prove?

The proof starts with a statement which is false (from problem 9). We also know
that the conclusion is false since 1 is not the largest integer. However all the
implications that start with a false hypothesis are true. In fact, this argument
proves that if a largest integer existed, it would be 1.

11. Prove by contradiction that there does not exist a smallest positive real number.

Suppose for contradiction that n is the smallest positive real number. Observe
1 1 1. .
that 0 < 7 < 1-0< Sn<n Thus the number > nis positive, real, and less than

n, contradicting our initial assumption that n was the smallest positive real
number. Hence there does not exist a smallest positive real number.

12. Prove by induction on n that, for all positive integers n, 3 divides 4" + 5.

3 divides 4" + 5 means 4" + 5 = 3q for some integer q.
Base case: Forn = 1,4" + 5 = 4! + 5 = 9 which is divisible by 3 as required.
Inductive step: Suppose now as inductive hypothesis that, for some positive

integer k, 3 divides 4 + 5, that is 4% + 5 = 3q for some integer q. We need to
show that 3 divides 4%*1 + 5, that is 4**1 + 5 = 3¢ for some integer q. Then
4k+1 4 5 = 4.4k + 5 (by inductive definition) = 4(3g —5) +5 (by inductive
hypothesis) = 12q — 15 = 3(4q —5) = 3p, where p =4q —5 is an integer.
Thus 3 divides 4*1 + 5 as required.

Conclusion: Hence, by induction on n, 3 divides 4™ + 5 for all positive integers n.

13. Prove by induction on n that n! > 2" for all integers n such thatn > 4.

Base case: Forn = 4,n! = 4! = 24 > 16 = 2* = 2™ as required.
Inductive step: Suppose now as inductive hypothesis that k! > 2* for some
positive integer k > 4. We need to show that (k +1)! > 2K*1, Then 2k! >




2 - 2k = 2¥+1(by inductive hypothesis) and (k + 1)! = (k + 1)k! (by inductive
definition) > (4 + 1)k! = 5k! (since k > 4) > 2k! > 2 - 2¥ = 2k+1 (by inductive
hypothesis). Thus (k + 1)! > 2k*1 as required.

Conclusion: Hence, by induction on n, n! > 2" for all integers n > 4.

14. Prove Bernoulli’s inequality
1+x)"=1+nx
for all non-negative integers n and real numbers x > —1.

Base case: Forn =0, (1 +x)° =1 >1 =1+ 0 - x and so the equality holds.
Inductive step: Suppose now as inductive hypothesis that (1 + x)¥ > 1 + kx for
some non-negative integer k and real numbers x > —1. We need to show that
(14 x)**1 > 1+ (k + 1)x. Observe that x >—-1—>1+x >0, and that k >0
and x? > 0 (since for any real number a, a® > 0) both imply that kx? > 0. Thus
(14 x)**1 = (1 + x)(1 + x)* (by inductive definition). By inductive hypothesis,
A4+ >14+kx>A+0)A+0) =Q 4+ >A+kx)1+2x) =1+
x+kx+kx? =1+ (k+1Dx+kx? (multiply by 1+x>0) =1+ (k+ 1x+
0=1+(k+1x (since kx?>0). Therefore (1+x)**'>1+ (k+1)x as
required.

Conclusion: Hence, by induction on n, (1 + x)" > 1 + nx for all non-negative
integers n and real numbers x > —1.

15. For which non-negative integer values of nisn! > 3"?

n! > 3" is true forn = 0 and all integersn > 7.

For n =0, nl =0! =1 by inductive definition, and 3" = 39 =1, and so the
equality holds. Now we show that the inequality is also true for all integers
nz=7.

Base case: Forn = 7,n! = 7! = 5040 and 3" = 37 = 2187; and son! > 3".
Inductive step: Suppose now as inductive hypothesis that k! > 3% for some
integer k > 7. We need to show that (k + 1)! > 3%¥*1. Then 3k! > 3 - 3k = 3k+1
and (k+ 1)! = (k+ 1)k! (by inductive definition) > (7 + 1)k! = 8k! (since
k > 7)> 3k! > 3 - 3k = 3k*1 (by inductive hypothesis). Thus (k + 1)! > 3**1 as
required.

Conclusion: Hence, by induction on n, n! > 3" for all integers n > 7.

16. Prove by induction on n that
n

el

_ 1i(i+1)_n+1’
=

for all positive integers n.

Base case: Forn =1,



1

z 11 1
_1i(i+1)_1(1+1)_2
=
and
n 1

n+l 1+1
as required.

Inductive step: Suppose now as inductive hypothesis that
k

Z 1k

_ 1i(i+1)_k+1
=

for some positive integer k. We need to show that
k+1

z 1 k+1 k41

, 1i(i+1)_(k+1)+1_k+2'
L=

But by inductive definition and inductive hypothesis
k+1 k

2

1 1 1
;i(i+1):;i(i+1)+(k+1)(k+2)
k 1
“kr1l kT DK T2)
kP +2k+1
T (k+ Dk +2)
(k+1)?
k+ Dk +2)
k+1

k+2

as required.

Conclusion: Hence, by induction on n,
n

Z 1 _n

_ 1i(i+1)_n+1
1=

for all positive integers n.

17. For a positive integer n the number a,, is defined inductively by
a =1,
6a, +5
Ag+1 = a + 2
for k a positive integer.
Prove by induction on n that, for all positive integers, (i) a,, > 0 and (ii) a,, < 5.

(i) Basecase:Forn =1,a, =a; =1 > 0 as required.
Inductive step: Suppose now as inductive hypothesis that a; > 0 for some
positive integer k. We need to show that
_ 6ak +5
Ag+1 = a + 2




By inductive hypothesis, a; >0—->a;, +2>0 and g, >0 - 2aq;, > q; =
6a, > a, — 6a, +5>a;, +2>0.Thus

6ak +5 6ak +5
>1>0-

ay + 2 ay + 2
as required.

Conclusion: Hence, by induction on n, a,, > 0 for all positive integers n.

>0

(ii) Base case: Forn = 1,a, = a; = 1 < 5 asrequired.
Inductive step: Suppose now as inductive hypothesis that a; < 5 for some
positive integer k. We need to show that
6a, +5
Ap+1 = a + 2
By inductive hypothesis, a;, <5 — 6a; < 5a; +5 = 6a;, +5 < 5aq, + 10 =
5(ay +2) - 6a;, +5 < 5(ay + 2). Thus
6a;, +5
ap +2
as required.
Conclusion: Hence, by induction on n, a,, < 5 for all positive integers n.

18. Given a sequence of numbers a(1),a(2),.., the number [[i-, a(i) is defined
inductively by

1
() a(i) =a(l1),and
]
k+1

k
(ii) a(i) = a(i) |a(k + 1) fork = 1.
[ [o=([]

Prove that

n on

1_[ (1 + xzi_l) = 11—_xx forx # 1.

i=1
What happens if x = 1?

Base case: Forn =1,
1

1_[(1+x2i_1)=1+x21_1=1+x20=1+x
i=1
and
1-x" 1-x* (1-x0)1+x) _
1-x 1-x 1—x B
as required.

Inductive step: Suppose now as inductive hypothesis that
k k

i— 1-—x?
2071 _
1_[ (1 X ) o 1-x
i=1
for some integer k > 1 and for all real numbers x # 1. We need to show that

1+x




k+1

i=1
By inductive definition and inductive hypothesis,

[](+e)- [ﬂ (1227 (120

i=1 i=1

Zk

— 11__xx (1 + xzk)
1 _ x2k+1
- 1—x

as required.

Conclusion: Hence
- 1—x%"
2!‘*1 _ -
1_[ (1 +x ) T 1-—x
i=1
for all integers n = 1 and for all real numbers x # 1. Moreover, if x = 1, then the
formula does not work since 1 — x = 0 and we cannot divide by zero. However,

x2 ' =1foralli > 1andso
n

1_[ (14+x27) =2

i=1

19. Prove that

n
1 n+1
[[(1-7)-
, i2 2n
i=2
for integersn > 2.

Base case: Forn = 2,

2n  2(2) 4
as required.
Inductive step: Suppose now as inductive hypothesis that

k
1—[ (1 1) _k+1
2} 2k
i=2
for some integer k > 2. We need to show that
k+1
ﬁ<1 1)_(k+1)+1_ k+2
¥ i) 2(k+1) 2k+2
i=
By inductive definition and inductive hypothesis,




20.

[16-2)=[[16-5)] (- )

1
_T'(l_(kﬂ)z)
e+ D[k +1)2—1]
B 2k(k + 1)2
k+1)?-1
T 2k(k+1)
_k*+2k+1-1
- 2k(k+1)

k(k +2)
" 2k(k+ 1)

k+2
T2k +2

as required.
Conclusion: Hence
ﬁ (1 1) _n+ 1
" i2) T 2n
i=2
for all integersn > 2.

Prove that, for a positive integer n, a 2™ X 2" square grid with any one square
removed can be covered using L-shaped tiles such as the one shown below.

Base case: For n = 1, a 2! x 2! square with one square removed can be covered
by a single L-shaped tile.

Inductive step: Suppose now as inductive hypothesis that a 2¢ x 2 square grid
with any one square removed can be covered by L-shaped tiles. We need to
deduce that a 2¥*1 x 2k*1 square grid with any one square removed can be

2k+1 x 2k*1 square grid in four

covered using L-shaped tiles. If we divide the
equal square grids (as shown in the figure below), we obtain four 2¥ x 2%
square grids (observe that 2¢*1/2 = 2K). Since the 2k*1 x 2*¥*1 square grid has
one square removed, this removed square must lie in one of the four 2% x 2%
square grids (as shown by the shaded square in the corner of the figure below).
The other three 2¥ x 2% square grid are complete. Now from each of the
complete 2% x 2¥ square grids, remove the square that touches the center of the
original 2¢*1 x 2%+1 square grid (as shown in the figure below). By induction
hypothesis, all four of the 2¥ x 2* square grids with one square removed can be
covered using L-shaped tiles. Then, with one more L-shaped tile, we can cover

the three squares touching the center of the original 2*1 x 2¥*1 square grid.



21.

Thus we can cover the original 2%*! x 2k*1 square grid with one square
removed using L-shaped tiles as required.

Conclusion: Hence, for a positive integer n, a 2" X 2" square grid with any one

square removed can be covered using L-shaped tiles.

2k+1

2k =
j

‘1 2k+1

zk

2k 2k

Suppose that x is a real number such that x + 1/x is an integer. Prove by
induction on n that x™ + 1/x™ is an integer for all positive integers n.
[For the inductive step consider ( x* + 1/x*)(x + 1/x).]

Strong induction is used.

Base case: For n=1, x" +1/x" =x+ 1/x is an integer as required. Now
(x™ 4+ 1/x")? = x? + 1/x? + 2 is an integer since the square of an integer is an
integer and thus x? + 1/x? is an integer (since for any integer a, a — 2 is an
integer) proving the result forn = 2.

Inductive step: Suppose now as inductive hypothesis that x* + 1/x* is an
integer for all positive integers n < k for some integer k > 2. We need to show
that x**1 + 1/x¥*1 is an integer. By inductive hypothesis, (x + 1/x)( x* +
1/x¥) is an integer since the product of two integers is an integer. But

1 1 1
k — +k+1 k-1
(4 ) () =2t 4 g

and, by inductive hypothesis, x*=1 + 1/x¥~! is an integer. Thus x**1 + 1/x**1
must be an integer as required.

Conclusion: Hence, by induction on n, x™ + 1/x™ is an integer for all positive
integers n.

22. Prove that

n n 1/n
lz X = (1_[ xi)

ne i=1
for positive integers n and positive real numbers x;.
[it does not seem to be possible to give a direct proof of this result using
induction on n. However it can be proved for n = 2™ for m = 0 by induction on
m. The general result now follows by proving the converse of the usual inductive
step: if the result holds for n = k + 1, where k is a positive integer, then it holds
forn =k.]



case 1: If all the terms of the sequence x; are equal, that is x; = x, = - = x,,,
then

1% 1 -
ﬁz Xi = g(nxﬂ =x; = (") = (ﬂ%’)

i=1 i=1
which implies that

n n

! >
PREIE
i=1 i=1

as required.

1/n

1/n

case 2: If not all the terms of the sequence x; are equal. Clearly this case is only
possible when n > 1, and it is proved by induction. First we prove the inequality
when n=2™ for m =1 and then, using this result, we deduce that the
inequality is true for all positive integers n.
Base case: For m =1, n = 2™ = 21 = 2. So we have two terms, x; and x,, and
since they are not equal, we have

X1 #F Xy

X1 —x #0

(x; —x)? >0

x12 = 2x1%5 + %2 >0

x12 4 2x1%5 + x5 > 4xqx,

(X1 + %)% > 4xyx,

2
X1+XZ)
> XX
( 2 172
X1+XZ
> . Jxix
5 1X2
and so

as required.
Inductive step: Suppose now as inductive hypothesis that

n n 1/n
2= ([]
n 2 i
i=1 i=1

where n = 2™, for some positive integer m. We need to show that

2m+1 2m+1 1/2m+1
1
7 ), 62| | [
i=1 i=1
Then by inductive hypothesis
2m+1
1 Xy Xyt Xpma
om+1 z L om+1

i=1



1 (x1 +x, + o+ X2m+1)
) 2m

1 (xl + X + -+ xZTH) n 1 (me+1 + Xom 4o + -+ x2m+1)
) 2m 2 2m
1 [<x1 +x, + -+ x2m> N (X2m+1 + Xym o + 0+ x2m+1)]
) 2m 2m
> 2 \/xl * Xt Xgm + z \/me+1 . X2m+2 cor Xom+1
- 2

m m
= \/2 \/xl *Xp ot Xogm X 2 \/me+1 * Xom g9ttt Xom+1

2m
= A/ X1t Xp ot Xpm+1
om+1
= A X1t Xp ot Xpm+1

omat \ 1/2MF

(1]~

i=1

as required. Hence, by induction on m, the result is true for all positive integers
m. Thus the inequality is true for the natural powers of 2, that is for n =
2,4,8,16, ...

Now we proceed to prove the inequality for all positive integers n. If n is not
equal to some natural power of 2, then it is certainly less than some natural
power of 2, since the sequence 2,4,8,16, ..., 2™, ... is unbounded above. Therefore

let m be some natural power of 2 that is greater than n. Also let
n

1
n
i=1
and expand our list of terms such that

Xn+l = Xpg2 = 0 = Xy = QA
Then
_Xl +x, + -+ x,
B n
_ %(xl +x, + -+ xn)
m
_ (Z+1-1) (g + x5 + 4 x,)
m
Xt xg e x + () (g +xp ++ x)
m
_xptxp+ e+ x + (m—n)(a)
m

X1 +x+ ot x, Fxp g+ F Xy

m
m
J‘xl . xz cese xn . xn+1 see xm

m\/xl . xz ...xn . am_n

\Y

and so



23.

a™ > xyxp e xy ca@m"

a = xq Xy Xy,

n
a = xgxg Xy

n n

! >
22z (] |x
i=1 i=1

as required. Hence, by induction on n, the inequality is true for all positive
integers n and all positive real numbers x;.

1/n

For non-zero real numbers x we may extend Definition 5.3.3 to a definition of
powers x™ for all integers n by defining x™ = 1/x™ for integers m > 0. With
these definitions prove the laws of exponents for any non-zero real numbers x
and y and integers m and n:

@ x"y" = (xy)™;

(ii) LM — xmxn;

(i) (x™)™ = x™",

[Hint: Start from exercise 5.7.]

(i) First, we prove the result for the non-negative integers.
Base case: Forn = 0, x"y™ = 1 = (xy)" as required.
Inductive step: Suppose now as inductive hypothesis that x*y* = (xy)* for

some non-negative integer k. We need to show that x**1yk*1 = (xy)**1, Then,
by inductive definition and inductive hypothesis, x*+1y*+1 = (x . xk)(y . yk) =
(xy) (xy)*¥ = (xy)**1 as required to prove the result forn = k + 1.

Conclusion: Hence, by induction on n, x"y"™ = (xy)" for any non-zero real
numbers x and y and non-negative integers n.

Now we prove the result for the non-positive integers by proving that
1 1 1

Xy Gy
for all non-negative integers n. Then, by the definition of x™
that the result is true for all the non-positive integers.
Base case: Forn = 0,

1 1 1
@y T oy
as required.
Inductive step: Suppose now as inductive hypothesis that

M we can conclude

11 1
xk yk = Gk
for some non-negative integer k. We need to show that
1 1 1

XFHL T RHT = (xy)F T
Then, by inductive definition and inductive hypothesis,
1 1 1 1 1 1

okt 'yk+1 Xk 'y Yk = (xy) Gey)F = (xy)F+1




as required to prove the result forn = k + 1.
Conclusion: Hence, by induction on n,
11 1
oy G
for any non-zero real numbers x and y and non-negative integers n.
Therefore x"y™ = (xy)" for any non-zero real numbers x and y and any integer
n.

(ii) First, we prove the result for the non-negative integers.
Base case: Forn = 0, x™*" = x™ = xMx0 = x™x" as required.
Inductive step: Suppose now as inductive hypothesis that x™** = x™xk for

some non-negative integer k. We need to show that x™**+1 = x™xk*1 Then, by

inductive definition and inductive hypothesis, x™Tk*1 = xx™m+k = xxmxk =

x™xx* = xMx**1 as required to prove the result forn = k + 1.

Conclusion: Hence, by induction on n, x™*" = x™x™" for any non-zero real
number x and non-negative integers m and n.

Now we prove the result for the non-positive integers by proving that
1 1

T
for all non-negative integers m and n. Then, by the definition of x™
conclude that the result is true for all the non-positive integers.
Base case: Forn = 0,

1 1 1 1

, We can

xm+n T x_m T oxmy0 = XMy
as required.
Inductive step: Suppose now as inductive hypothesis that

1 1

xmtk T ymayk

for some non-negative integer k. We need to show that
1 1
xmtk+l T gmyk+1

Then, by inductive definition and inductive hypothesis,
1 1 1 1 1
xMAk+1 T yymtk T gamak T ymoayk T gmoak+1

as required to prove the result forn = k + 1.

Conclusion: Hence, by induction on n,
1 1

xm+n T yman
for any non-zero real number x and non-negative integers m and n.
Therefore x™*™ = x™x™ for any non-zero real number x and any integers m and
n.

(iii) First, we prove the result for the non-negative integers.
Base case: Forn = 0, (x™)"® = 1 = x° = x™" as required.



Inductive step: Suppose now as inductive hypothesis that (x™)* = x™ for some
non-negative integer k. We need to show that (x™)¥*1 = xm(*+D_Then, by
inductive definition and inductive hypothesis, (x™)k*!1 = (x™)(x™)k =
xMx™k = xmAmk by part (i) of the problem) = x™&**1) a5 required to prove
theresult forn =k + 1.

Conclusion: Hence, by induction on n, (x™)" = x™ for any non-zero real
number x and non-negative integers m and n.

Now we prove the result for the non-positive integers by proving that
1 1

(xm)n = xmn
for all non-negative integers n. Then, by the definition of x™™, we can conclude
that the result is true for all the non-positive integers.

Base case: Forn = 0,
1 1 1

(xm)n == XO = xmn
as required.
Inductive step: Suppose now as inductive hypothesis that

1 1

(xm)k T oxmk

for some non-negative integer k. We need to show that
1 1
(xm)k+1 - xm(k+1)"

Then, by inductive definition, inductive hypothesis, and part (ii) of the problem
1 _ 1 11 1
(xm)k+1 - (xm)(xm)k T xmaymk T ymtmk T xm(k+1)
as required to prove the result forn = k + 1.

Conclusion: Hence, by induction on n,
1 1

(xm)n = xmn

for any non-zero real number x and non-negative integers m and n.

Therefore (x™)™ = x™" for any non-zero real number x and any integers m and
n.

24. Fibonacci’s rabbit problem may be stated as follows:
How many pairs of rabbits will be produced in a year, beginning with a single
pair, if in every month each pair bears a new pair which become productive
from the second month on?
Assuming that no rabbits die, express the number after n months as a Fibonacci
number and hence answer the problem. Using a calculator and the Binnet
formula (Proposition 5.4.3) find the number after three years.

The nth Fibonacci number is given by the following formula:
a — Bn

u, =
s
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where a = (1 + \/g)/Z and B = (1 — \/g)/Z and n is the number of months.
Thus after one year (12 months) there are

al? — g12
Uy, = ———— = 144 rabbits
12 \/g
and after three years (36 months) there are
36 — 36
Uzg = ———=— = 14930352 rabbits
36 NG

Let u,, be the nth Fibonacci number (Definition 5.4.2). Prove, by induction on n
(Without using the Binnet formula Proposition 5.4.3), that
Unin = Un-1Un + Umn Un+1
for all positive integers m and n.
Deduce, again using induction on n, that u,, divides u,,,, .

Strong induction is used.

Base case: Forn =1, w1y = Upaq = Up_1U1 + UplUp = Uy g + Uy, (since, by
the inductive definition of the Fibonacci sequence, u; = u, = 1). For n = 2,
Upgn = Upaz = Up_qUy + UplUz = Uy + 2U, (since uz =u;+u, =1+1=
2). Note that by the first case w,;,_1 = U 41 — Uy Then Uy 0 = Uy — Uy +
2U,;, = Upy4q + Uy, as required.

Inductive step: Suppose now as inductive hypothesis that w,,,, = w,,_qu; +

U, U4 for all positive integers n < k for some positive integer k = 2. We need
to show that u,, 141 = Uy _1Uk4+1 + Uy Uk 2. Then, by the inductive definition of
the Fibonacci sequence, ;111 = Uik + Umsk—1 and by inductive hypothesis
Um+k+1 = Um—1Ug T Un U1 + Up -1 Ug—1 + Uy Uy

= Up—1 (U + Up—1) + Uy (Upe1 + )

= Up—1 (Ug11) + U (U 42)

= U —1 U1+ U U2
as required.
Conclusion: Hence, by induction on n, u,;, 1, = Uy, _1U, + U, U,4q for all positive
integers m and n.

u,, divides u,,, means thatu,,,, = u,,q for some integer q.
Base case: Forn = 1, u,,, = u,, and so u,, divides u,,,, as required.
Inductive step: Suppose now as inductive hypothesis that there exists some

integer q such that u,,;, = u,,q for some positive integers m and k. We need to
show that uy, (x4+1) = u,p for some integer p. Observe that all the Fibonacci
numbers are integers since every number is the sum of the previous two
numbers, which in turn are integers. Then, by the first part of the problem and
by inductive hypothesis,
Unk+1) = Umk+m
= Uk —1Um T Uk Um+1
= Uk —1Um T U QU 41
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= Uy (umk—l + qum+1)

=Upp
where p = Upy 1 + qUp 41 is an integer and so u,, divides u,, 41) as required.
Conclusion: Hence, by induction on n, u,, divides u,,,, for all positive integers m
and n.

Suppose that n points on a circle are all joined in pairs. The points are positioned
so that no three joining lines are concurrent in the interior of the circle. Let a,
be the number of regions into which the interior of the circle is divided. Draw
diagrams to find a, forn < 6.
Prove that a,, is given by the following formula.
a, =n+Cn—-12)+C(n—-13)+C(n—1,4)
=1+n(n-1)(n?—5n+ 18)/24.

The following are the drawings corresponding to a4, a,, as, a4, as, and a.

OO0 DBG

For ag, it is not feasible to show that the center is not the intersection of three
lines since we are working with small diagrams. However note that the points
on the circle do not form a regular hexagon circumscribed about a circle for
otherwise we would obtain three lines concurrent at the center of the circle.
Thus there is another region (not visible in such diagram) at the center of the
figure.
Base case: For n = 1, we can see that the interior of the circle is divided into one
region and a,=n+Cn-12)+Cn—-13)+C(n—-14)=1=1+
n(n — 1) (n? — 5n + 18)/24 as required.
Inductive step: Suppose now as inductive hypothesis that a;, =1+ k(k —
1) (k? — 5k + 18)/24 for some positive integer k. We need to show that
apr1 =1+ k(k+1)[(k+1)?> —5(k + 1) + 18]/24. Then by definition,

a1 =k+1+Ck,2)+C(k,3)+C(k,4)

k! k! k!

:k+1+2!(k'—2)!+3!(k—3)!+4!(k.—4)!

1 1 1
= k+1+§k(k— 1) +gk(k— 1)k —2) +ﬁk(k— 1)k —2)(k—3)

=1+ d k+11k2 ! k3 + ! k*
ST 120 24 12 24
k(14 + 11k — 2k? + k3)
1+
24
- k(k +1)(k? — 3k + 14)
24
k(k + D[(k +1)? = 5(k + 1) + 18]
+
24
as required to prove the result forn = k + 1.




Conclusion: Hence, by induction on n, a,, = 1 + n(n — 1) (n®> — 5n + 18) /24 for
all positive integers n.



